The ground-state phase diagrams of 4 He adsorbed on graphene and graphite are calculated using quantum simulation methods. In this work, a systematic investigation of the approximations used in such simulations is carried out. Particular focus is placed on the helium-helium (He-He) and helium-carbon (He-C) interactions, as well as their modern approximations. On careful consideration of other approximations and convergence, the simulations are otherwise (numerically) exact. The He-He interaction as approximated by a sum of pairwise potentials is quantitatively assessed. A similar analysis is made for the He-C interaction, but more thoroughly and with a focus on surface corrugation. The importance of many-body effects is discussed. Altogether, the results provide "reference data" for the considered systems. Using comparisons with experiments and first-principle calculations, conclusions are drawn regarding the quantitative accuracy of these modern approximations to these interactions.
Introduction
Quantum fluids and solids (QFS) are characterized by particles that interact through weak long-range forces, and for which their quantum kinetic energy E k is much larger than k B T where k B is the Boltzmann constant and T is the temperature. For the solid phase [1] , the quantum motion can lead to spatial fluctuations about the equilibrium lattice sites that are much larger than in any classical solid. These phases are important for several reasons, as they are key to the fundamental understanding of nature, technological applications, and applied interests of many scientific fields.
QFS often consist of lightweight particles (because of their large E k ). Archetypical examples include hydrogen and helium, which are present in a wide range of thermodynamic conditions [2] . One such system that is the subject of many experimental and theoretical studies is the adsorption of helium on a carbon (often graphene or graphite) substrate. An example of this system is shown in Figure 1 .
While studies of this system have been performed over several decades now, it is currently of interest with respect to its possible connection to a supersolid phase of matter [3] .
Due to the strong attraction to the substrate, helium atoms adsorb layer by layer through at least seven distinct ones on graphite [4] . For the first two, equivalent densities are respectively about 1.5 and 1.1 times that of the bulk liquid, and highly compressed in vertical separation from the surface. In addition, several phases result from the interaction between the helium atoms (which will be referred to as the He-He interaction) and their interaction with the substrate (the He-C interaction). These have been studied computationally for both graphene [5] [6] [7] [8] [9] [10] and graphite [5, 6, [11] [12] [13] [14] [15] . Experimental references will be made within this context. These will be referred to as the hollow, bridge, and top sites. Note that these results were calculated using the helium-helium (He-He) potential of Przybytek et al. and the isotropic helium-carbon (He-C) potential (discussed in Section 2).
For the first adsorbed helium layer, the phase diagram is only somewhat understood. It is well established from heat-capacity [16, 17] and neutron-diffraction [18] measurements that a commensurate (C) solid phase is stable in which one-third (1/3) of the available substrate adsorption sites (the hollow sites; see Figure 1b ) are occupied in a √ 3 × √ 3 structure (called the C 1/3 phase); a representative density plot of this phase is shown in Figure 2b . At lower densities, it has been suggested (from experiments [19] ) that the solid melts, forming a low-temperature liquid (possibly a superfluid) phase; an alternative scenario (from calculations [13] ) is that the low-density monolayer is comprised of solid clusters and a low-density vapor. While the general structural features in this region of the phase diagram seem somewhat established, the properties are less so and controversial. Consider again a possible supersolid phase (supersolidity is not actually considered herein, but the idea is nonetheless a motivation). For the first adsorbed layer, this was calculated in [6] . Additional calculations [7] , however, suggested that the superfluidity and structural properties for the related vacancies could be a feature of the assumed He-C interaction. (The possibility of supersolidity has also been suggested for the second adsorbed layer [20] ; for an opposing view, see [15] .)
In this article, a relatively fundamental question is considered based on these results: Are the approximations to the interactions used in quantum simulations capable of achieving quantitative accuracy, even for the phase diagram? This is answered for the adsorption of 4 He to graphene and graphite substrates. The quantitative accuracy of modern approximations to the He-He and He-C interactions are systematically investigated. These include the recently-proposed He-He pairwise potential of Przybytek et al. [21, 22] and the He-C atom-bond pairwise potential [23] (both are discussed and motivated further in Section 2). Careful consideration of other approximations and convergence are made as well. Related questions are also considered: Are the He-C interactions developed for graphite suitable for studying graphene, and vice versa? In terms of interactions, why does graphite have a similar phase diagram to graphene? Etc.
This article is outlined as follows. The quantum simulation methods used are discussed next (Section 2). Results are then presented (Section 3). Following this, they are discussed (Section 4). Finally, conclusions are drawn and an outlook is provided (Section 5).
Methods
The ground-state phase diagrams of 4 He adsorbed on graphene and graphite were calculated using quantum simulation methods. The 4 He atoms were modeled quantum mechanically, under the adiabatic (approximation to the) elimination of the electronic degrees of freedom [24] (a priori, there is no reason to expect this approximation to be invalid). The carbon atoms, on the other hand, were modeled as classical, fixed particles.
The solution to the above problem is that of the many-body Schrödinger equation Ψ(r; R) where r represents the 4 He coordinates, parameterized on the carbon ones R, HΨ(r; R) = EΨ(r; R) (1) where the Hamiltonian H describing the system under the above approximations is
where the first term sums over the number of 4 He atoms N4 He , V He-He and V He-C are the He-He and He-C interactions, respectively, and E is the energy. The He-He interaction was modeled as a sum of pairwise potentials,
where V He-He (r ij ) is the potential between 4 He atoms separated by a distance r ij = |r i − r j |, and the sum runs over all such pairs (i, j). Forms of V He-He considered were the HFD-B form [25] with the parameters of Aziz for helium from [26] and the more modern pairwise form of Przybytek et al. [21, 22, 27] . Note that the latter leads to better agreement with the experimental phase diagram of bulk 4 He at all densities. For a recent evaluation of He-He potentials for predicting the ground-state energies and structural properties of the helium dimer (and trimers), see [28] . The He-C interaction was modeled as a sum of potentials between each 4 He atom and the substrate,
where V He-C (r i ; R) is the potential between atom i and the entire carbon lattice (described by R). Forms of V He-C considered were the 6-12 isotropic and anisotropic potentials [29] (both which can be written as a sum of pairwise potentials between helium and carbon atoms) and a more modern atom-bond pairwise potential [23] (which considers the interaction as additive atom-bond pairwise potentials [30] between helium atoms and carbon-carbon bonds [31] ). Note that these potentials are based on different (types of) data; the former are the best fits to that from scattering experiments (for graphite), whereas the latter is fitted to that from first-principles calculations (for a model system for graphene). Because these forms of the He-C interaction are (all) decomposed as a sum of pairwise potentials, they can straightforwardly be (and are commonly) applied to different substrates (graphene or graphite, respectively). Though, it is an approximation that this can be done with equal accuracy. Quantum Monte Carlo methods [32] were used to stochastically solve Equation (1). Both variational (VMC) and diffusion Monte Carlo (DMC) were used, as described below.
VMC was used first to variationally find the optimal parameters of a trial (T) solution Ψ T to Equation (1) . That considered was a symmetrized version [33] (and, in particular, its extension to two dimensions [34] ) of the Nosanow-Jastrow form,
where f (r ij ) = e is a one-body localization factor, which localizes atom i to the sites J = 1, 2, . . . , N s where N s is number of solid (s) sites and r xy iJ is the magnitude of the vector r i − R J projected over the xy-plane, and ψ(z i ) is a localization factor along the z direction. Note that this wavefunction properly and simultaneously accounts for the Bose-Einstein statistics of 4 He, the necessary requirements of spatial solid order, and localization of particles along z. ψ was numerically calculated using a Numerov integration scheme [35] , and according to the approach discussed in Section 3.2. The variational parameters of Ψ T (Equation (5)) are b He-He and α He-C . The former was determined first and for the liquid phase (i.e., for α He-C = 0), at the equilibrium density; the optimal value found was 3.04 Å. Keeping this value fixed, α He-C was determined for the solid (C 1/3 ) phase; the value found was 0.43 Å −2 .
Following this, DMC was used to project out the ground-state solution Ψ (Equation (1)). Note that in this case of bosonic particles, the DMC method is (numerically) exact (i.e., to within statistical uncertainties). VMC, on the other hand, only provides a variational upper-bound to the true energy, depending on the trial wavefunction. In DMC, this wavefunction acts only as a "guiding" function; the quality which is related to convergence.
The He-C systems modeled consisted of 21 × 21 unit cells of graphene (882 carbon atoms, and /layer, in the case of graphite).
Phase Diagrams
Phase diagrams are presented using the data obtained from the DMC simulations. Note that all energies are reported per particle (/N4 He ). Note also that statistics (error bars) were calculated using blocking.
Liquid (l) energies E l as a function of (surface) density σ were fit to the commonly-used form
where the equilibrium density is σ eq , the energy at this density is E l (σ eq ), and A and B are constants. The stability of the solid (including as the ground state) and also any region(s) of phase coexistence (with the liquid) were determined by double-tangent Maxwell constructions.
Results
In this section, the importance of the He-He and He-C interactions are first considered. The focus is on the phase diagram of 4 He adsorbed on graphene-in particular, for monolayer coverages up to and just above the density of the C 1/3 phase at σ s ≈ 0.0636 Å −2 . An extension to graphite is then made. These results are sufficient to make both qualitative and quantitative comparisons to available experimental and first-principles data; this though is reserved for Section 4.
Note that, among the following subsections, results are repeated in a few instances. This is only to simplify the comparative analysis, and will be explicitly remarked on when done so.
He-He Interaction
Consider first the He-He interaction. In this section, this is considered directly; some aspects of this will be (indirectly) considered again in Section 3.2. Note that the following results were all obtained using the isotropic He-C potential to model the associated interaction. Figure 3 shows the phase diagrams for the two He-He potentials under consideration (Section 2). Corresponding data is reported in Table 1 . Qualitatively, the two potentials produce nearly identical results. Quantitatively, however, the potential of Przybytek et al. gives an important shift (higher) of the equilibrium liquid density (see below). The energies are otherwise relatively unaffected. Figure 3 . Results are shown for the two helium-helium (He-He) potentials V He-He under consideration. Note that all quantities have been defined in relation to Equation (6) or at the start of (this) Section 3, except for the energy of the solid E s . In order to understand the above results, Figure 4 shows the He-He potentials. As expected, they are very similar; this statement refers to both the locations of the minima and the general shapes on either side of them. The improvements of Przybytek et al. result in only a small increase in the well depth. For the remainder of (this) Section 3, results based only on the He-He potential of Przybytek et al. are shown. In Section 4, it is discussed that this potential leads to an important quantitative improvement in comparison with experiment. Note that the other aspects of the considered systems are probably relatively insensitive to this choice in any case.
He-C Interaction
Consider now the He-C interaction. While the importance of corrugation has been considered before (either directly (e.g., [14] ) or indirectly), thorough quantitative details are considered here.
The phase diagram calculated with each of the three He-C potentials under consideration (Section 2) is shown in Figure 5 . The corresponding data is reported in Table 2 . Table 2 . Corresponding data to Figure 5 . Results are shown for the three helium-carbon (He-C) potentials V He-C under consideration. Open circles correspond to liquid data, the dashed lines are fits to this data (Equation (6)), and filled circles correspond to the C 1/3 phase. Note that (a) is the same as in Figure 3b .
The liquid curves are qualitatively similar for the isotropic and anisotropic potentials. That of the atom-bond though is different. Quantitatively, each potential has a different relative depth at the minimum (the equilibrium liquid density). From the low-density side, and from shallowest to deepest, are the curves for the anisotropic, isotropic, and atom-bond potentials. On the high-density side, the isotropic and anisotropic curves increase in energy significantly. The atom-bond potential, however, does not. There are also differences in the equilibrium liquid densities among the potentials. The anisotropic one results in the lowest density, whereas that of the atom-bond is just a bit higher than that of the isotropic one. Therefore, while the atom-bond potential looks qualitatively different, this could be related to the higher equilibrium liquid density shifting the entire curve higher.
The (relative) energies of the solid phase are significantly different for the three potentials. For the isotropic one (Figure 5a ), the energy of the C 1/3 structure and the liquid at the equilibrium density are nearly within error bars (Table 2) ; therefore, the latter is stable (approximately) only at a single point. The anisotropic potential (Figure 5b) , however, significantly lowers the energy of the C 1/3 structure; the solid is unambiguously the ground state. These results are in good agreement with previous calculations [5] [6] [7] [8] [9] [10] , but with using a different He-He potential. The atom-bond potential, however, raises the energy of the C 1/3 structure above that of the liquid. Note that a probable contribution to this is the shallow increase in energy of the high(er)-density liquid (as discussed above).
To understand the above, it is necessary to consider the quantitative properties of these potentials. Of particular importance is their corrugation, herein defined to be the relative difference in potential between the high-symmetry sites over the graphene plane (Figure 1b) . This can be seen by V He-C (z), the He-C potential for a single helium atom as a function of its height z over the carbon surface.
The potentials V He-C (z) over the sites in Figure 1b for each of the He-C potentials are shown in Figure 6 . Qualitatively, they are similar. The well depths increase from top and bridge to the hollow sites for each. In addition, the (relative) well depths for the bridge and top sites are comparable. Quantitatively however, those for the hollow sites are noticeably different. That for the anisotropic potential is largest, whereas that for the atom-bond potential is comparable to the other sites. Looking at the He-C potential across the entire carbon surface and for all z alone however is insufficient to explain the observed properties of the phase diagram. Additional information is needed, in particular the separation of 4 He atoms from the surface. For the purpose of this discussion, it turns out to be sufficient to consider only the equilibrium (most probable) separation z e .
The separation of 4 He atoms and their distribution is calculable directly from the simulations (and presented below). It is insightful, however, to first consider a single-body Schrödinger equation, with a potential V He-C, (z) obtained as a lateral (xy) average (i.e., at each z) of V He-C (z) over the entire graphene plane.
Lateral-averaged potentials are shown in Figure 7 . This side-by-side comparison shows that the isotropic and anisotropic potentials are qualitatively similar. The atom-bond potential, however, exhibits a much larger well depth, with a minimum at a much higher z.
The solutions to the aforementioned Schrödinger equation for each of the potentials are shown in Figure 8 . Shown also are full-simulation results, calculated at the equilibrium liquid densities ( Table 2 ); note that the same z e resulted also from calculating at the density of the C 1/3 structure (start of Section 3). The corresponding z e and full width at half maximum (FWHM) are reported in Table 3 . First compare the single-body to full-simulation results. The latter are significantly more narrow (quantitatively, given by the FWHM). Figure 8 shows that the distributions are also (the most) different for z > z e . z e , however, as calculated by the two methods, are nearly identical. Consider now the difference between potentials. Interestingly, the FWHM is identical among them. This suggests that the shapes of the average potential wells (at least near the minima) are similar; and, hence, so is the average corrugation. z e is also the same for the isotropic and anisotropic potentials. It is significantly larger, however, for the atom-bond potential.
Consider now though the potential V He-C (z e ) (i.e., at the equilibrium separation) over the three symmetric sites (Figure 1b) . The relative difference in potential at each of these sites represents the corrugation (defined above) felt by a 4 He atom. These values are reported in Table 4 , and differences relative to the lateral averages are shown in Table 5 . There is a clear trend revealed by this table. The atom-bond potential is the least corrugated, followed by the isotropic and then (most significantly) anisotropic ones. Table 4 . Relative difference in V He-C (z) between the three symmetric sites (Figure 1b) . Results are reported at z = z e (Table 3b) . Results are reported only to two decimal places. Table 5 . The difference between V He-C (z e ) and its lateral average V He-C, (z e ). Finally, consider these results in the context of the phase diagram ( Figure 5 ). Stronger corrugation leads to a lower equilibrium liquid density (Table 2) . Regarding the stability of the C 1/3 structure, the deeper the (relative) well depth at an adsorption site (the hollow site; see Section 1), the harder it is to remove an atom (i.e., the more stable the solid). In this context, the results in Table 4 are also consistent with Figure 5 . Differences on the order of kelvins therefore lead to significant quantitative changes in the phase diagram. This is despite the fact that well depths (at other z) are much deeper. Note that making more quantitative statements based only on z e is probably not possible.
For the remainder of (this) Section 3, results based on the isotropic He-C potential are shown (unless otherwise stated). In Section 4, it is argued that this potential is the most accurate, though caution is needed.
Graphite
Nearly all experimental studies of 4 He adsorbed on or scattered from a carbon surface are for graphite. All of the results presented earlier in this section, however, were for graphene. It is natural to ask whether these results can therefore be compared to experiment (as will be done in Section 4). It is also natural to ask the converse, of whether a He-C potential developed for graphite (such as the isotropic and anisotropic ones; see Section 2) might be inaccurate for studying adsorption on graphene. 4 He adsorbed on graphite has been considered in prior calculations [5, 6, [11] [12] [13] [14] [15] . Because of this, and the fact that changing the He-He interaction will likely lead only to minor quantitative changes in the phase diagram (Section 3.1), results for these potentials are not (re-)reported in this section. Instead, quantitative details about the corrugation of the isotropic potential (only; see the remarks at the end of Section 3.2) are considered in the context of this prior work. This, however, motivates once more consideration of the atom-bond potential. Note that throughout this section, for one graphene layer, N layers = 1, the results are repeated from Section 3.2. Note also that N layers ≥ 2 is referred to as "graphite". A representative and recent prior study using the isotropic potential is that of [5] . Therein, it was found that the phase diagrams of graphene and graphite are qualitatively similar.
In order to understand this result, consider the changes in corrugation when going from graphene to graphite. Figure 9 shows the change in He-C potential over the three symmetric sites of the top graphene layer (Figure 1b) , as the number of layers is increased. Qualitatively, the potential appears to uniformly decrease. For the equilibrium separations reported in Table 6 , more quantitative results are reported in Tables 7 and 8 . There are two significant observations to make from these tables. One is that the potentials at the symmetric sites all become stronger relative to the lateral average (Table 8) , with increased repulsion at the bridge and top sites and attraction at the hollow one, with an increasing number of layers. That is, the corrugation becomes stronger. The other is that the relative well depth at the hollow site increases significantly more than the repulsion at either of the other two sites. Table 7 . Relative difference in V He-C (z) between the three symmetric sites over the top graphene layer (Figure 1b ) of graphite. Results are reported at z = z e (Table 6) . Table 8 . The difference between V He-C (z e ) and V He-C, (z e ). Despite the above, there is relatively little change in the equilibrium separation of atoms (Table 6 ). This might be due to that there are more bridge and top sites, as compared to hollow ones.
Increasing corrugation suggests that the solid phase will possibly become (more) stabilized relative to the liquid. This would have the most significant (qualitative) change for the atom-bond potential (see Section 3.2).
Motivated by this suggestion, the phase diagram calculated with the atom-bond potential, for an increasing number of layers, is shown in Figure 10 . Corresponding data is reported in Table 9 . As suspected, the increased corrugation acts to stabilize the solid. Whereas for graphene the liquid remains the ground state at the density of the solid, the addition of even one layer causes the energies to be within error bars. Note that this situation then does not change (e.g., the solid eventually becoming the ground state), with an increasing number of layers, within the uncertainties of the calculations. The interpretation (for this He-C potential) could be that the liquid is stable as the ground-state on graphite, until reaching the density of the solid, where they are then in equilibrium. Table 9 . The corresponding data to Figure 10 . Figure 10 . Phase diagram of 4 He adsorbed on graphite. Note that these results were calculated using the atom-bond He-C potential.
Discussion
The phase diagrams of 4 He adsorbed on graphene and graphite were calculated; the results are presented in Section 3. Particular focus was placed on the importance of the He-He (Section 3.1) and He-C (Section 3.2) interactions. By careful consideration also of other approximations and convergence (see Section 2), the simulations are otherwise (numerically) exact.
The He-He interaction (Section 3.1) was found to have only a quantitative effect on the phase diagram (for the pairwise potentials considered). The He-C interaction (Section 3.2), however, had much more significant and both qualitative and quantitative effects. The results were found to be relatively insensitive to the consideration of graphene (Sections 3.1 and 3.2) or graphite (Section 3.3). They are therefore discussed non-specifically below.
Assuming the validity of the pairwise forms of these potentials (see Section 2), for the moment, their accuracy may be assessed through comparison to both experiment and first-principles data.
Consider first the comparison to experiment. Several properties of the phase diagram can be compared. The equilibrium liquid density has been determined from heat-capacity measurements [19] , and is about 0.04 Å −2 . While the phase diagrams (Figure 3 ) for the He-He potentials of Aziz and Przybytek et al. are similar, the latter is in better quantitative agreement (Table 1 ) with this. Considering therefore only the latter potential for this discussion, it is found (Section 3.2) that only the isotropic and atom-bond He-C potentials are consistent with this ( Table 2) . The anisotropic potential, however, does not lead to a ground-state liquid, and has an equilibrium liquid density that is much too low.
Another property that can be compared is the equilibrium separation of atoms. Both the isotropic and anisotropic He-C potentials agree very well (Table 6 ) with the experimental value of z e = 2.85 Å [36] . z e for the atom-bond potential, however, is much too large.
The stability of the C 1/3 structure is a well-established feature of the experimental phase diagram (as discussed in Section 1). The atom-bond potential, however, does not exhibit an unambiguous stable solid phase. Even for the case of graphite (Section 3.3), for which the solid and the liquid are in equilibrium, it is likely that corrections to the remaining approximations (see below) would destabilize the solid.
There is also the experimental possibility of an equilibrium between the liquid and C 1/3 structure [19] . While none of the considered He-C potentials are consistent with this possibility, corrections to the remaining approximations (see below) may lead to this, by "softening" the interactions.
In addition to the phase diagram, it is also possible to compare binding energies. These are known from scattering experiments [37] . Computationally, these are computed as the energy levels of the single-body Schrödinger equation (as discussed in Section 3.2). For graphite, this has already been done for the isotropic and anisotropic [29] and atom-bond [23] potentials. The former two give similar results, with all values slightly underestimated. The latter overestimates them, most significantly for the lowest energy levels.
The above comparisons provide important insight into the approximations to the He-C interaction. Consider, in particular, the corrugation. That of the atom-bond potential is much too weak; the isotropic one is a bit too strong; and, finally, that of the anisotropic one is much too strong.
The above insight is consistent with comparisons to first-principles data [23] . While the atom-bond potential, for example, is quite accurate for the bridge and top sites (Figure 1b) , it significantly underestimates the well depth for the hollow one. Note that the importance of this would also impact the potential at the equilibrium separation of atoms. The statements above for the relative differences in the isotropic and anisotropic potentials are also consistent with this.
All of the interactions considered assume that the He-He and He-C interactions can be approximated separately and by a sum of pairwise potentials (Section 2). An important consideration is therefore the extent to which many-body effects play a role. Note that with consideration of a fixed carbon lattice, and the interpretation of the He-C potential as that of a 4 He atom with the entire carbon lattice (Section 2), such "many-body effects" refer to the addition of a 4 He atom(s) to the above interactions.
Consider first the many-body effects in the He-He interaction. The first correction to this would be that of He-He-He. The aforementioned (Section 2) recent evaluation [28] of different He-He potentials found, for three considered models of three-body interactions, that the effect for 4 He 3 was less than 0.001 K. It therefore seems unlikely that there would be quantitative changes to the results reported herein, based on this or higher-order interactions.
Another consideration is the many-body effects related to the He-C interaction, the first correction being that of He-He-C; in other words, a substrate-mediated change in the He-He interaction. A standard approximation to this, meaningful for graphite, is given by the so-called McLachlan interaction [38] . This has also been considered in prior work [5] (see also Section 3.2). Based on this, the energy of the liquid at its equilibrium density is increased by 0.20(1) K, while that of the solid is increased by 0.37(1) K. Assuming that the former can be considered as a uniform shift in the liquid curve of the phase diagram, it can be qualitatively said that this correction would soften the He-He interaction, and destabilize the solid.
Quantitatively, the many-body corrections to the He-C interaction would be enough to play an important role in the phase diagram. Even a relative shift in the stability of the solid by 0.17(1) K, based on the above discussion, would be enough to make the liquid the equilibrium ground-state for the isotropic potential (see Table 2 ), and lead to a coexistence region with the solid [19] .
Conclusions
The phase diagrams of 4 He adsorbed on graphene and graphite were calculated using quantum simulation methods. By careful consideration of convergence, the methods used (Section 2) are (numerically) exact up to the approximations of the He-He and He-C interactions (and the adiabatic approximation). These were investigated in detail in Sections 3 and 4.
The results were shown to be qualitatively insensitive to the form of modern pairwise He-He potentials, which has now been calculated and fit to an analytical form (Przybytek et al.) with high accuracy. Quantitatively, however, the results (Section 3.1) are slightly improved (Section 4). It was discussed (Section 4) that many-body effects are not likely to change this.
The He-C interaction, however, plays a significant role both qualitatively and quantitatively. Modern pairwise potentials all give significantly different results (Section 3.2). Consider first though that such potentials do all give similar lateral-averaged shapes (Figure 7) . Therefore, the average corrugation, irrespective of the potential, seems correct. The phase diagram ( Figure 5 ), however, depends significantly on the choice of potential. Based on the discussion in Section 4, it seems clear that the corrugation of the anisotropic potential is much too strong, and that of the atom-bond potential too weak. The isotropic potential is also a bit too strong, although it seems to be the most accurate.
Many-body effects though are also expected (Section 4) to play an important quantitative role. Details on the corrugation and many-body effects seem to be needed on the order of kelvins. This is far below the accuracy of modern approximations to the He-C interaction.
Only phase diagrams were considered in this work. Not considered, for example, were properties of the systems. A notable example is superfluidity, and its possible leading to a supersolid phase (as discussed in Section 1). Quantitative accuracy for such properties may be even more challenging than for the phase diagram though, because of sensitivities to the He-He and He-C interactions. Therefore, considering them without a more accurate He-C interaction hardly seems worthwhile.
Looking forward, it is clear that what is needed is a better understanding of and a more accurate approximation to the He-C interaction. This includes both in the pairwise interaction between a helium atom and the carbon surface, and any substrate-mediated change in the He-He interaction. Treating the carbon atoms quantum mechanically [10] will also be important. Only with these considerations can quantitatively meaningful statements be made. These will be the subjects of future work.
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